The rate of evaporation of drops of dibutyl phth alate and b u ty l stearate of radius approx. 0*5 mm. has been studied by m eans of a microbalance over a range of atm ospheric pressures down to approx. 0*1 mm. of m ercury. W ide departures from L angm uir's evaporation formula were found to oceur a t these low pressures, b u t results are in good acoordance w ith th e theory of droplet evaporation advanced by Fuchs which hitherto has n o t been tested experim entally. This experim ental verification of F uch's theory for droplets of medium size evaporating a t low pressures shows th a t the theory can be applied to th e evaporation of very small drops a t atmospheric pressure. The vapour pressures of the above liquids have been m easured by K nudsen's m ethod and th^ evaporation and diffusion coefficients calculated f r o n the experi m ental data. -pressure of vapour a t saturation over drop.
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I. Introduction
It is well known that small spheres of liquid evaporate in air in such a manner that the rate of change of surface with time is constant, a result which, as Langmuir (1918) showed, follows directly from Stephan's theory of diffusion. The expression
(where s = surface, t -time, D = diffusion coefficient, c0 = concentration in the saturated vapour, m2 = mass of a diffusing molecule, and p -density of the liquid) has been verified experimentally for droplets varying in radius from a few milli metres to about 0*1 mm., and tested for a number of liquids of varying vapour pressure. It has also been tested, though less rigorously, on much smaller droplets in the size range 2 x 10-4 to 5 x 10~5 cm. by observing their rates of fall through air at atmospheric pressure. For these small spheres high-boiling organic substances were used, so that evaporation took place at a sufficiently low rate for measurement, and the interesting observation was made that the graph of s against t, instead of bleing linear, curved slightly away from the time axis, the curvature being more marked the smaller the particle. It was clear that evaporation of these small droplets showed a progressive diminution in rate (expressed as -ds/dt) as smaller dimensions were reached. At the time this behaviour was attributed to the presence of non volatile impurities, but in the light of recent work it seems likely that it really
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represents the normal course of evaporation of spheres of these sizes. Unfortunately, on account of experimental difficulties, the experiments were not repeated and a study of still smaller droplets which should have shown a greater deviation proved still more difficult on account of increasing Brownian movement (Whytlaw-Gray & Patterson 1932, p. 169) . In addition, experiments have been made in these laboratories on the evaporation in air, a t various pressures down to about 1 cm. of mercury, o'f droplets of about 1 mm. radius, and it was observed th a t whilst a t any one pressure ds/dt remained constant its magnitude varied inversely as the pressure (P), a result in conformity with the diffusion theory, since D is proportional to 1/P . I t is, however, clear th a t ds/dt cannot increase indefinitely with faffing pressure, for evaporation can never exceed the vacuum rate; dsjdt must therefore approach asymptotically the rate of evaporation in a perfect vacuum as the air pressure becomes smaller and smaller.
Similarly, for droplets evaporating in air at atmospheric pressure, there must be a limiting size below which the rate of evaporation ceases to follow the simple expression, for, if it were not so, the number of molecules escaping per unit area from a very small droplet would exceed the number escaping into a vacuum, which is obviously impossible. This follows from Langmuir's formula
where a is the radius and m the mass of the drop. Hence the loss per unit area per second is Z>c0m2/a, which approaches 00 as a approac Langmuir's simple expression cannot be valid either for the evaporation of very small droplets a t atmospheric pressure or for larger droplets a t very low pressures. I t is, however, reliable for droplets down to 10~3 cm. radius in normal air, and the deviations even a t 10~4 cm. radius are small. At lower pressures for the larger drops the departure of ds/dt from .constancy is inconsiderable down to about 1 cm. of mercury.
The theoretical aspect of droplet evaporation has been discussed by Fuchs (1934) . Fuchs regards the diffusion process as not starting directly a t the surface of the evaporating sphere of radius a but from the surface of an enveloping sphere of radius a + A, where A is of the order of the mean free path of the air molecules. Very few air molecules will then be present in the spherical shell of thickness A, which is sub stantially a vacuous space. The effect of this space will be negligibly small for larger droplets, but when a approaches A in magnitude the rate of evaporation expressed as -ds/dt will be decreased. Starting from this conception, Fuchs developed equations for the rate of evaporation of very small spheres but was unable to check them on account of the paucity of experimental data.
The present report presents a more complete treatm ent of the theory of evapor ating droplets and describes experimental work carried out in order to throw light on the course of evaporation of very small liquid spheres. Since the direct study of small droplets is impracticable, we have had recourse to observations on com paratively large drops (ca. 0-5 mm. radius) at low pressures. Our treatment of the theory shows that information so gained is directly applicable to the calculation of the evaporation of very small droplets at atmospheric pressure. i.e. the correct value for a -1 mm. and On the other hand, Langmuir's expression is reproduced under the conditions for which it holds, i.e. a of the order 1 mm. and = 1 atm. Then a/(a + A) becomes nearly unity and D[(avot) is negligible compared with unity, if a is mm., D approx. 0-1, a approx, unity and T = 20° C, taking a molecular weight of the order 100.
II
I t is clear, however, th a t D/(ava) will not be small compare a or a is small. Considering only the variation in a t constant P and constant D, equation (3) gives for the rate of evaporation area
This is the vacuum rate, and it follows, therefore, th a t the rate of evaporation of very small drops at atmospheric pressure is, per unit area, nearly equal to the rate of evaporation of unit area into a vacuum. This is clearly a remarkable and im portant result. As already mentioned, Langmuir's expression gives for the rate of evaporation per unit area -dmjdt (per unit area) = DcQm2fa, i.e. infinite values as a-» 0. Fuch's theory therefore gives evaporation rates per unit area at gas pres sure P less than those given by Langmuir, but greater than those calculated for a plane sq.cm, evaporating into gas a t pressure P.
Clearly, equally great departures from Langmuir's result would be expected if the evaporation coefficient were very small, for then D/vaa would be large compared with a2/(a + zl) even when a -1 mm. and = 1 atm. This is however, with pure liquids.
These results are summarized in I t now remains to study the evaporation of droplets under the conditions used in the experiment, in which a droplet is suspended inside an enclosure, the walls of which consist of an absorbent material such as charcoal, giving effectively zero vapour pressure at the walls. I t is considered th a t the equilibrium pressure over the charcoal is roughly the same as th a t over the evaporating substance in the solid state a t some temperature below the melting point, and owing to the large tem perature coefficient of vapour pressure of the liquids used the vapour pressure a t the walls is effectively zero. First let us derive Langmuir's result under experimental conditions, and then consider modifications.
(i) From simple diffusion theory, neglecting Fuchs's correction for the moment, dm . 2r. dc where the concentration is zero at a distance r0 from the drop centre, and a is the droplet radius; it is assumed th at the slight variation in total pressure from the droplet surface to the wall does not affect the diffusion coefficient D, which is therefore regarded as a constant during the integration. I t is also assumed th a t the mass of vapour passing through every spherical surface in unit time is independent of the radius of the surface, i.e. th a t the steady state is reached. In experimental practice the enclosure quickly fills with vapour a t a graded concentration, and the steady state is achieved in a short time. Moreover, put p 0 = c0kT , since p 0 is usually small. If r0 = 00 equation (5) may be written
Sn Dm2 p k T which is Langmuir's result. I t follows, therefore, th a t Langmuir's formula is not strictly true with a finite enclosure. The direct integration of equation (5) gives a2 a3 where a = a0 when t = 0. Hence it is not quite true to say th a t the rate of chang surface with time is constant. In many experiments, however, a changes only slightly with time during the run, and thus
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This equation is identical with th a t due to Langmuir, except for the introduction of a factor When a is increased to infinity, and r0 -kept constant, then the correct expression for a plane surface for dm/dt per unit area is reproduced.
(ii) Now consider how these equations which apply to experimental conditions are modified by the conceptions of Fuchs.
When Fuchs's correction is introduced then, instead of equation (5), it is seen th a t
where p x = cxJcT, and P^>px, cx is the concentr radius a + A. Hence the rate of loss of mass by diffusion is
B ut this must be balanced by the rate of arrival of molecules from the surface of the droplet to the region of concentration cx or
Since A = kTI(AP).
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where H = OLvPjY -clv\D and L -<xvc0m 2lp.
I t should be noted th at if the drop evaporates into a region of constant vapour pressure c, then
Hence no simple allowance can be made for the influence of the vapour pressure corresponding to concentration c, ^s can be done for Langmuir's expression, viz.
dm dt 47raDm2(c0 -c).
A graphical integration is necessary if the change of radius with time is required for c > 0. Although equation (11) is the correct form of integration, and should replace the simple equation (9), in much of the work described below the radius of the drop changes only slightly during the run, owing to the sensitive nature of the balance used. Hence equation (10) may be integrated as if the correcting denominator were constant during the run, giving
Hence, under the conditions for which a changes very little during a run, we again have the familiar law, s a linear function of time, but the proportionality constant varies with pressure in a manner very different from th a t given by equation (9). The latter gives dsjdt proportional to 1/P , since D -Y /P , i.e. indefinite increase of ds/dt as P decreases, whereas equation (12) gives an asymptotic approach of ds/dt to the vacuum rate. Equation (12) is fully substantiated by the experimental work below. If, however, a varies considerably during the run then equation (11) must be applied. W ith drops such as were used for runs in which the radius changed little during the run only the first two terms are significant, but this would not be the case with small drops of radius 0-01 cm. a t low pressures (e.g. 0*3 mm. of mercury), as is shown experimentally later. One may note th a t at very low pressures of air, or a t vapour pressures comparable with air pressures, the above analysis will not apply, since D will not be a constant between the droplet surface and the wall, owing to the change of D with pressure. No simple solution for can be given. However, one can extrapolate equations
The rate of evaporation of droplets 377 (11) and (12) to p -0 with confidence, since the value of dsjdt is very insensit changes of P when P is very low, and the difference between the value of ds/dt calculated from equation (12) and the true result must be very small. I t is assumed th a t p 0 is independent of P, which is not quite true, since
i.e. dp0 = of the order of 1 % for dP = 1 atm. for dibutyl phthalate. Another point of interest in this connexion is the formation of adsorption complexes in the gaseous phase, owing to the solvent effect of the atmosphere on the vapour. Owing to the large van der W aals' attractive force of a molecule such as dibutyl phthalate, it is quite possible th a t in air a cluster of molecules is formed which may be regarded as air molecules adsorbed on the dibutyl phthalate molecule, so th a t m2 is not strictly constant as the air pressure changes. Equation (12) may be tested by plotting ds/dt as a function of 1/P (a changes only slightly during the run). For large values of P the plot is a straight line, corre sponding to Langmuir's case, but as P decreases the correcting term becomes more and more important. If ds/dt = q for some value of P, and
q0 is readily calculated from the linear portion of the graph, and
• + - Alternatively, Y may be calculated from diffusion theory. Unfortunately, the latter is not very exact, unless the complicated approach of Chapman and Enskog is adopted. The equation of Meyer, modified to allow for persistence of velocities, seems to be most suitable for calculation. According to thiŝ _ 2 IcT r 2fcP(m1 + m2)"lĩ 3(1 + a 12)
.where a 12 allows for the persistence of velocities, and is a small term of approximate value m 1/(m1 + m2) under the conditions of the experiment. Maxwell's exact solution for the case of repulsion between molecules with an inverse fifth power law gives the same dependence on P, but will not be used since the force constan and since the Maxwell law is in any case unreal. I t may be noted th a t according to equation (16) D is proportional to a t constant P, whereas experimentally the index of T is greater than 1*5, for water 1'75.
I t is of some interest to consider modifications to the above due to the influence of surface tension on vapour pressure. If c ri s the sur tion vapour pressure over a plane surface 
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r-Z A P l \~| -2ffma<r_ -Ypm m% dl
Provided th a t PolP<» -1 is 1 one can expand the exponential and integrate, giv if the term in r0 be omitted,
As the surface tension effect does not become appreciable before the radius is very small, the droplet has practically vanished before this pressure condition is violated.
III. E x p e r i m e n t a l . R a t e s o f e v a p o r a t i o n
In order to obtain great sensitivity a quartz microbalance A (figure 1) of the type described by Whytlaw-Gray was used. To one end of the balance was attached a long quartz fibre, terminating in a hook from which was suspended the quartz rod carrying the drop. The balance was counterpoised with quartz weights; detail of the balance is given inset in figure 1. The movement of the pointer B relative to the reference pointer C could be followed by observation through the plate glass window D by means of a travelling microscope reading to 0-001 mm. The window D was ground to fit the pyrex balance case. Surrounding the drop was a copper gauze cage of radius 1*2 cm., and charcoal was packed in the annular space between the cage and the vessel E. The balance case was mounted on a massive block of metal, and covered with a m etal hood, to prevent tem perature fluctuations, and the whole apparatus was placed in a therm ostated room at 20°. F was a sintered glass filter to filter particles from the air, G, G were P 20 5 tubes, and H a m read to 0-01 mm. Low pressures were read on the McLeod gauge. The balance was cleaned by HNOa + HC1, the glass apparatus by K M n04 + concentrated H 2S 04.
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The end of the quartz rod carrying the drop was drawn out to a very thin fibre, and drops could be made to adhere to the end of this fibre by first forming them at the end of another fibre, touching the fibre points, and then moving them apart. In this way the fibre was uncontaminated with liquid, except at the end. At first the final counterpoise was effected by means of very small quartz weights, but later it was found easier to adjust the weight of the drop. If a clean quartz fibre be plunged through the drop, a t right angles to the fibre carrying the drop, and withdrawn, the weight of the drop is slightly reduced. Conversely, the drop may be made to pick up beads of liquid if a fibre carrying such beads is plunged through the drop. Drops were weighed on a micro-analytical balance weighing to 10~6 g., and the quartz balance was calibrated using drops of dibutyl phthalate of different sizes, the weights of which had been determined on the micro-analytical balance. The deflexion versus microscope reading was linear and 1 mm. of the microscope corresponded to 2*85 x 10-5 g., i.e. a change of weight of 2-85 x 10-8 g. could be observed. Apiezon grease previously dehydrated was used throughout the apparatus. All air admitted to the apparatus was dried by P 20 5.
Runs were first made with benzophenone, but the rate of evaporation was found to be inconveniently fast at low pressures. Dibutyl phthalate evaporated much more slowly, and using the sensitive balance it was possible to complete the series of runs over a pressure range of 10-0*1 mm. in a day. W ith butyl stearate several days were necessary to complete the readings. A repetition of experiments gave good agreement, and no change was observed if the liquids were previously degassed hot vacuo. I t is believed th a t in view of the extremely low vapour pressure of these liquids no correction is necessary for surface cooling, especially as the two liquids behaved similarly, although the rate for butyl stearate was some fifteen times less than th a t for dibutyl phthalate. The general trend of results indicates, also, th at surface diffusion over the quartz was negligible (cf. especially table 3).
After the drop has been hung on the quartz balance and the apparatus had been assembled, the whole was pumped down for half an hour to an hour to remove any water vapour which is inevitably introduced when the apparatus is opened to the air. Dry air was then adm itted to the required pressure, and after about 30 min. deflexion-time readings taken, and the whole repeated a t lower pressures. At low pressures some time elapsed before the charcoal attained approximate adsorption equilibrium with respect to air, and readings could be taken; pressure readings were taken throughout the run, to test the constancy of the pressure. Small percentage .variations in pressure occurred, although it was occasionally necessary to pump off air which had been desorbed from the charcoal to maintain the constancy. In this low-pressure region large changes in pressure make small changes in rate of evaporation, and hence the pressure was sufficiently static to give negligible variations in rate due to pressure changes.
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Runs using dibutyl phthalate
Comparatively large drops were first used, of radii 0*5 mm., and the variation in radius over the whole of a series of runs at different pressures was approximately 5 % only. During one run at constant pressure the variation in a was 1 % or less, so th a t equation (12) may be applied with confidence. All runs of this type gave linear plots of surface versus time a t constant pressure, even at low pressures, as is seen from figure 2, for a pressure of 0*246 mm.; it will be seen th at the change in s over the whole run is small and hence the conditions of equation (12) apply. A summary is given in table 2. This constancy of dsjdt indicates th a t in all cases a steady state had been attained.
In figure 3 these values of dsjdt are plotted as a function of 1/P . As will be seen, at first the relation is linear, in accordance with equation (9), i.e. Langmuir's formula, but as P decreases a marked bending away from the initial line occurs. When W is plotted against 1/P a good straight line is obtained (figure 4), 1 + kT/(aA P) in accordance with equation (15), whence the constants of the curve on figure 3 may be calculated. The line goes nearly through the origin, and hence ajr0 will be D ib u ty l p h th a la te tim e in m in . 
where P is in mm. of Hg, s in cm.2, t in min. The points are experimental and lie very near the line. Thus equation (12) is substantiated. The choice of A is somewhat arbitrary, but fortunately equation (12) in this region of pressure range is rather insensitive to change in A . The mean value of a was approximately 0*05 cm., so th a t equation (22) may be w ritten in the more general form, applicable to any radius, ■1.
L a P + 1 + 2-444 x 10-3/(a P )J where P is in mm. of Hg, s in' cm.2, a in cm., and t in min. The values of q jq show the magnitude of the departures from Langmuir's Thus a t 0*103 mm. pressure the rate of evaporation is approximately one-fifth of th a t demanded by Langmuir's theory. Equation (23) may be used to test th e theory of a run in which the radius changes appreciably, when dsldt should not be constant, but should vary throughout the run. This was found to be true, results for a typical run on a small drop which is allowed to evaporate almost completely being given in table 3. The pressure was 0*309 mm. Figure 5 shows the lack of constancy in dsldt = 4nd(a2)/dt; as is seen from figure 6 da/dt is more constant, but deviates at low values of a. In figure 7 is plotted the integrated expression from equation (11), expressed in the form, using the .constants from equation (23), 6*167 x 10-2a-j-0* 5a2 + 1*436 x 10-4log10(a + 7*895 x 10~3) -(j>{a) = const, t + const. (24) I t will be seen th a t d<j>{a)jdt is indeed a c o n s t a n t . In one respect there is a discrepancy between the data of tables 2 and 3. From equation (23) it may be calculated th a t d<p = -2*03 in minutes, whereas the slope of the line in figure 7 gives --4*13 x 10-6. Likewise there is a discrepancy of the same order when the slope d{a% )(dt in the first p art of the curve in figure 5 , for small times, when a is approximately constant, is compared with the calculated value. The experimental rates are greater than those calculated from equation (23) by a factor of approximately 2. I t is believed th a t this is due to the conditions of the experiment, for the larger drops are situated more a t the end of the fibre, owing to their greater weight. A drop smaller in weight by a factor of 10 is more pear-shaped owing to the finite thickness of the fibre, and the neck represents a considerable proportion of the total surface. Since the sphere has the smallest surface for a given volume, it follows th a t the transference of the data from drops of mass 6 x 10~4 to 6 x 10~5 g. will be subject to an error of a geometrical nature, and the smaller drop will evaporate faster than the theory allows. I t is probable th a t the geometrical factor remains approximately constant during a run, once the quartz fibre has been wet to a certain length, so th at the function <J>(a) is indeed linear with time. The time required to evaporate completely an isolated drop free from all attachm ent is best calculated from experiments on hanging drops over a small range of change in radius.
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Runs on butyl stearate
In table 4 are summarized the results with butyl stearate, using drops which remained approximately constant in radius during the run. In figure 8 , -106 ds/dt is plotted against 1/P , and in figure 9, W tf-*S a£ainst 1/P, taking the collision radius, i.e. the sum of the effective radii of butyl stearate and
The rate of evaporation of droplets 385 T a b l e 4 . ' B u t y l s t e a r a t e a t 2 0°m ean a d u rin g r u n m m . air molecules, as 17 A; linear plots of s versus time were obtained for all runs. The line in figure 8 has been calculated from the equation
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-106 x ds/dt 0-980 P~1 1-957 x 10-2 1 aP + 1 + 3-337 x 10-*/(aP).
where P is measured in mm. of mercury, a in cm., t in min., and s in cm.2; the mean value of a was 0-542 mm.
IV. E x p e r i m e n t a l
The determination of the vapour pressure of dibutyl phalate and butyl stearate
The method was a differential modification of th a t due to Knudsen (1909) . The ends of two glass tubes A and B were closed by sheet platinum caps fused to the glass (figure 10) and pierced by two circular holes 1-88 and 1-025 mm. in diameter. By means of side tubes the glass tubes could be half-filled with liquid and sealed off. A and B were made as nearly alike as possible.
F igure 10
The tubes A and B were fitted into holes in the solid brass rod C, which was mounted inside a ground joint of the glass apparatus. D was a silvered Dewar flask which was kept full of liquid air. The lower portion of the apparatus was immersed in mercury at constant temperature.
The apparatus was evacuated by means of a mercury vapour diffusion pump, with a liquid air trap between pump and apparatus, for about an hour. Dry air was admitted and A and B were hung from opposite ends of a micro-analytical balance weighing to 10~6g. The difference in weight between^. and B was thus determined. A and B were replaced in the apparatus which was maintained a t a high vacuum for several hours. The difference in weight between A and B was again determined. For A WXIR T \± 1 388 R. S. Bradley, M. G. Evans and R. W. Whytlaw-Gray
where p^ is the vapour pressure, Wx the weight lost in time t, the gas constant, M the molecular weight, A x the area of the hole and R x its radius, L x the length of the tube through which the vapour passes (i.e. thickness of platinum) (cf. Clausing 1932; Dushmann i 926).»The calculation for the small correction due to the tube k W [ length is approximate. Hence p x = M 1 + -| , where kx -Ia n d is a constant to allow for the tube resistance. 
(Wx -W2) was equal to the difference in readings of the analytical balance, and A x and A 2 could be measured. Using very pure mercury as a calibrating liquid x could be determined and the x term was shown to be small, i.e. the conditions above were fulfilled. Equation (28) may be rewritten
where k2 is a constant determined using mercury and which can be used to find the vapour pressure of the organic liquids. The mean results were, for 20°, dibutyl phthalate: p w = 3-05 x 10~5 mm. of mercury, butyl stearate: p^ = 1*27 x 10-6 mm. of mercury.
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V . T h e c a l c u l a t i o n o f e v a p o r a t i o n a n d d i f f u s i o n c o e f f i c i e n t s Using Langmuir's equation ds dt SnDm2c0 it is clear th a t the diffusion coeffi cient may be calculated from the runs on droplets in the high-pressure range if c0 be replaced by pJJcT, its value assuming the vapour to obey the perfect gas laws.
Hence D a t pressure P = ( --\ --V ^ / press. P 87ri>0w 2
The diffusion coefficient a t atmospheric pressure may be calculated by simple proportion, since D is inversely proportional to P. The results of § I I I give, for 20° (putting p^ = p 0), dibutyl phthalate: diffusion coefficient at 760 mm. = 0*031 = 1*048), butyl stearate: diffusion coefficient at 760 mm. = 0*030 ( = 0*867).
This method of calculating diffusion coefficients from the Langmuir region of evaporation has been previously used in this Department by Mrs Childe ( Stevenson) for more volatile materials than those used in this work; a quartz spiral spring was used (unpublished Ph.D. thesis). Vapour pressures were determined by Knudsen's method. The differential method for vapour pressures, using two evapor ating vessels, is new to this work.
The evaporation coefficient may be calculated using equation (12) . The first term of the denominator within the brackets is and its numerical value is known from equations (23) and (25) The work reported above on the evaporation of droplets at various air pressures leaves no doubt th at Fuchs's equation represents the facts, and it is to be expected th at the application of this equation to conditions other than those investigated, e.g. to conditions of very small radius and atmospheric pressure, will give an equally true picture of the evaporation behaviour of droplets.
Some biological and industrial applications are of interest. Thus evaporation from the pores of the skin of animals, or the stomata of plants will be enhanced by the smallness of these openings, for a given to^al area of evaporating water surface,
